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Abstract 

Considering the quantum statistics of the degrees of freedom on the holographic screen it is shown that the 
ratio of the number of excited bulk degrees of freedom to the number of excited surface degrees of freedom, 
is given by the MOND interpolating function /i. This relationship is shown to hold also in AQUAL, and in 
the extension of MOND to de Sitter space. Based on the relationship between the entropy, and the number 
of degrees of freedom on the holographic screen, a simple expression, relating the MOND interpolating 
function to the ratio of the two-dimensional entropy to Bekenstein-Hawking entropy, is obtained. In terms 
of this expression MOND can be viewed as a modification of gravity arising due to a bound on the maximum 
entropy for the holographic screen. 
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I. INTRODUCTION 



The connection between gravity and thermodynamics was first noted in the context of black 
hole thermodynamics in the pioneering works of Bekenstein [uJ] and Hawking [|20. It was Jacobson 
||3|] who later demonstrated that the Einstein field equations could be obtained from the first law of 
thermodynamics on a Rindler casual horizion, employing the connection between acceleration and 
temperature derived by Unruh [4J. Based on this connection between gravity and thermodynamics 
an emergent perspective of gravity has been studied by Padmanabhan (For reviews see [|5|] and [|6|]) 
and Verlinde [7], as well as by others H, the original idea of emergence dating back to Sakharov 
1^. However if one seriously wishes to consider gravity as an emergent phenomena based on the 
thermodynamical formulation, the quantum statistics of the underlying degrees of freedom on the 
holographic screen should be considered in the low temperature limit. In Ref. |lo|] this was done, 
and it had been shown that if one considers the quantum statistics of the degrees of freedom on the 
holographic screen, the resulting non-relatvistic dynamics is expressed by modified Newtonian 
dynamics (MOND) [11], due to Milgrom. Accordingly in this quantum statistical formulation 
of gravity there is no need to invoke dark matter to explain the observational discrepancies for 
galactic and extragalactic systems. Rather one needs to modify the gravitational potential for 
low accelerations, where the modification is due to quantum statistics. In this formulation, which 
shall be referred to as the quantum statistical modified entropic gravity (QSMEG), the MOND 
characteristic acceleration scale oq, was shown [fioll to be related to the Fermi energy for fermionic 
degrees of freedom on the holographic screen and its bosonic analog for bosons [|l2|l . The MOND 
interpolating function jl, which is a function of the ratio of the acceleration a to oq, was also 
obtained, analytically from the underlying quantum statistics. Thus through QSMEG the high 
acceleration limit, a/ao >> 1, corresponds to the high temperature limit in which the MaxwelU 
Boltzmann distribution can be used, which in turn corresponds to Newtonian dynamics. Whereas 
in the low temperature limit one needs to consider MOND, the corrections to Newtonian dynamics 
arising due to quantum statistics. 

n 

In this paper we expand on the basic formulation of QSMEG presented in UM- We formulate 
QSMEG in terms of the number of bulk and surface degrees of freedom, which allows us to express 
the MOND interpolating function jl, as a simple ratio between the number of bulk and surface de- 
grees of freedom or as a ratio between the two dimensional screen entropy to Bekenstein-Hawking 
entropy. We also contrast our results to those obtained by Padmanabhan [|l3ll in the frame work 
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of emergent gravity. Specifically we note the differences arising due to considering the quantum 
statistics of the underlying degrees of freedom on the holographic screen. Furthermore we ex- 
tended QSMEG to a relativistic formulation. Sec. |ll]briefly reviews the derivation of QSMEG pre- 



sented in Ref. HOD, and as an example we obtain through QSMEG the asymptotic MOND velocity 
for a rotating stellar object in the deep MOND limit (DML). In Sec. Hill QSMEG is formulated 
in terms of the effective number of bulk and surface degrees of freedom and it is shown that one 
can express the MOND interpolating function as the ratio between the two. The same result is 
then obtained by employing the Lagrangian formulation of MOND and then taking the DML. A 
calculation of the surface energy corresponding to the holographic screen in the low temperature 
limit is preformed, and compared to the calculation done in Ref. [13] in which equipartition was 
assumed. Sec. HVl describes a cosmological extension of QSMEG to de Sitter space. In Sec. |Vl 
QSMEG is considered for a Rindler horizon and an expression of the MOND interpolating func- 
tion based on an entropy ratio is obtained. A short discussion of the major results, and conclusions 
is then presented in Sec. | 



II. OBTAINING THE ASYMPTOTIC MOND VELOCITY THROUGH QUANTUM STATISTICS 

To consider the underlying quantum statistics of the holographic screen degrees of freedom, 
one can simply modify the thermodynamical gravity formalism introduced by Verlinde DTI], by re- 
placing the equipartition, with the relevant quantum statistical expression [10]. We note in passing 
that the same results can be obtained alternatively, by considering the entropy of the holographic 
screen as was done by Padmanabhan [14] , only this time modifying the entropy due to the under- 
lying quantum statistics. ^ ^ 

We now briefly describe the derivation of QSMEG as presented in Ref. [ilOi] . The derivation 
deployed the Unruh relation between temperature and acceleration 

ksT = ^^, (2.1) 

where c is the speed of light and ks is Boltzmann's constant. For convenience we will from here on 
consider energy units such that ks = I. The Bekenstein relation between the number of degrees 
of freedom on the Horizon A^, and the area of Horizon A, was used. This relation, originally 
developed for black holes was extended to the Holographic screen of an accelerating particle 



where G is Newton's gravitational constant. The Einstein mass M, and energy E relation, E = 
Mc^ was also employed. However the thermodynamical equipartition relation E = (1/2) NT was 
modified by considering the quantum nature of the degrees of freedom on the holographic screen. 
For the low temperature limit a Fermionic system's thermal energy is given by 

Eth = , (2.3) 

where Ep is the Fermi energy. It is this change from the formalism presented in [7] that leads to 
MOND rather then Newtonian gravity, one simply uses Eq. (12.31) transforms the temperature to ac- 
celeration through the Unruh relation, Eq. (|2.1i The energy to mass through the Einstein relation, 
and the number of degrees of freedom to the holographic screen area, via Eq. (l2.2l) . Accordingly 
by comparing the resulting equation to MOND, the characteristic acceleration scale ao can be 
the identified with, a typical energy scale which divides between the quantum and the classical 

regimes, which is the Fermi energy [llOll . for the fermionic case, 

12r 

ao = {^)Ef. (2.4) 

Moreover one can show in the general case the MOND interpolating function is given by the ratio 
of the energy to its equipartition value NT/2. Which in turn one can analytically calculate, in 
terms of the dilog function Li2{y) 

K^) = A^U,{-e^l-) - (2.5) 
To TT-To 6 T 

where ji is the chemical potential, not to be confused with /i, the MOND interpolating function, 
and To = /lao/27rc, is the thermal equivalent of ao obtained by the Unruh relation, Eq. (12.11 ). 

As an example of the connection between QSMEG and MOND we now demonstrate, how 
the MOND asymptotic velocity v^o (for a recent review of MOND see [15]), is obtained in the 
DML via the quantum statistics on the holographic screen. The DML, i.e. a/a^ « 1, for 
which ji{x) ~ X, corresponds to low temperatures in the thermodynamical analog for gravity. The 
thermal energy for a two dimensional fermionic gas in the low temperature limit is given by Eq. 
(12.31) which can be connected to accelerated motion, by converting the temperature to acceleration 
through the Unruh relation, Eq. (|2.11 l. For the case of circular motion in an axisymmetric potential, 
the acceleration is given by a = / R, where v is the velocity of the stellar object and R is the 
radius of the circular rotation. Thus for centripetal acceleration using the Einstein energy mass 

equivalence relation, for the thermal energy, Eq. (|2.31 l. can be written as, 

„ N-n^ 1 h^v^ 



Expressing the number of degrees of freedom as a function on the holographic screen area A = 
AtxB?, via Eq. (|2.2I) we obtain 

12r 

= GM—Ep. (2.7) 

Identifying the Fermi energy with the MOND acceleration scale through Eq. (12.41) the expression 
for the MOND asymptotical velocity is obtained 

= {GMaoY. (2.8) 

A further remark regarding DML in connection with QSMEG is due. It has been stressed by Mil- 
grom the DML is defined through a scale invariance, i.e the invariance of the equations of motion 
under (t, r) — )■ (At, Ar), in Ref. [16] he even suggested that this invariance be the definition for 
the DML instead of the definition based on the low-acceleration behavior of the MOND inter- 
polating function, ji{x) ~ x. On the QSMEG side, when considering the quantum statistics of 
the degrees of freedom on the holographic screen the scale invariance arises quite naturally since 
in the low temperature limit the two dimensional grand canonical potential reduces to a power- 
law in the temperature. Since the grand canonical potential has no physical scale dependence all 
thermodynamical functions will not have one as well. 



III. THE NUMBER OF EFFECTIVE SURFACE AND BULK DEGREES OF FREEDOM DUE 
TO QUANTUM STATISTICS 



Ref. [|13l1 considers the emergent perspective of gravity, it was stressed there, that if temperature 
and heat can be related to spacetime, spacetime should therefore have a microstructure. The 
equipartition was then assumed, i.e, relating an energy of T/2, to each degree of freedom on 
the holographic screen. Through equipartition an equality N^uik = Ngur, between the number of 
degrees of freedom residing in the bulk N^uik, to those residing on the surface of the holographic 
screen Ns^r, was obtained. We shall refer to this equality as Ref. [|l3ll does, as the holographic 
equipartition. 

As discussed in the previous section considering the quantum statistics of the degrees of free- 
dom on the screen one has to distribute the thermal energy [.17.1 accordingly, which leads to the 
following relation obtained in [fiol 

Eth = li2NT, (3.1) 



where = Ngur, is the number of degrees of freedom on the holographic screen. Considering as 
in [|l3n . the number of bulk states to be given by 

thus according to QSMEG holographic equipartition no longer generally holds i.e, there is no 
equality between the number of bulk and surface degrees of freedom. Rather, 

^=/i(T/To). (3.3) 

Eq. (13.31) is a major result of QSMEG, it has been obtained by considering quantum statistics on 
the holographic screen. The ratio between the number of bulk degrees of freedom to the number 
of surface degrees of freedom depends on the temperature. Since the ratio is given by the MOND 
interpolating function, then in the high temperature/acceleration limit for which il(x) — > 1, the 
number ratio goes to unity thus giving holographic equipartition as considered in lisj]. 



A. Connection between the number of surface and bulk degrees of freedom obtained from 
AQUAL 

In this section starting from a Lagrangian formalism for MOND, we show how Eq. (13.31) can be 
obtained. We start by considering the action associated with MOND. In order to modify gravitation 
according to MOND one needs to change the gravitational action, thus modifying the gravitational 
Poisson equation. Such a modified action theory, was devised by Milgrom and Bekenstein [|l8|l . 
and since the resulting Lagrangian is non-quadratic in the gradient of the gravitational potential, 
$, it was named the aquadratic lagrangian theory (AQUAL). 

By varying the AQUAL action with respect to $, one obtains, the following modified Poisson 
equation 

V ■ V$ I /ao)V$] = AirGp, (3.4) 
where, p is the mass density. Integrating over the volume and multiplying by c^, 

2 r 

Mc' = £^J dVV ■ m V<l> I /ao)V<l>] , (3.5) 

the energy Eth is obtained, through the Einstein mass energy relation. Employing Gauss's theorem 
to the above Eq. (13.51) . 
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[ dA{-n ■ V<l>)/i(| V$ I /ao). (3.6) 

JdV 



\m\ T/To I) 



(3.7) 



Relating the gradient of the potential to the acceleration and using the Unruh temperature relation, 
Eq. (|2.1I) . the following expression for the thermal energy is derived 

F = f 

Jsy {Gh/C^ 

From the above expression, Eq. (|3.71 ). integrating over a sphere at a constant temperature and 
employing 

Nsur= [ 77^^, (3.8) 

JgV [Gh/C^) 

we obtain again that the ratio between the number of degrees in the bulk to the number of degrees 
on the surface of the sphere, is equal to the MOND interpolating function i.e, Eq. (|3.3I) . 

So far the thermal energy was associated with thermally exciting degrees of freedom on the 
holographic screen. In the next section we consider the non-thermal energy associated with the 
screen, which is typically associated with dark matter in the ACDM model of cosmology. 

B. The DML surface energy 

In this section we calculate the energy of the surface degrees of freedom in the low temperature 
limit. To do so we start off with the DML dynamics for a rotating stellar object 

fv^y GM 



and calculate the gravitational energy [|l9|l . We introduce | V$j\/ p= GMao/R'^, where the index 
M is used to indicate that this gravitational potential originates from MOND. We calculate the 
gravitational energy associated with the gravitational field 

Eg{R) = ^ I dV\ V<^M r, (3.10) 



SttG . 
obtaining 

SG(i?) = ^^a„. (3.11) 
where the ratio, h/c, was intorduced in order to convert oq to a temperature scale through the 



Unruh relation (12.11 ). It should be noted that according to calculations made by Verlinde [|l9[| 
one can determine through Eq. (|3.1 II ). the ratio of dark matter Mo component, percentage in 
the Universe, to Baryonic matter M percentage, given the percentage of Baryonic matter in the 
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Universe. His calculation, agreeing with observational data, estimates the dark matter component 
to be 22.5% for 4% baryonic matter. This estimate is achieved by equating the left hand side of 
Eq. (13.111) . with the integral over the volume of GM"^/ R^. 

We take a different approach, transforming in Eq. (13.1 II ) to a temperature scale 

Eg{R) = ^^n. (3.12) 

We obtain a gravitational energy, Eq. (13.121 ), which does not depend on the temperature T, rather 
it depends on some fixed temperature scale Tq. If this temperature scale is related to a typical 
energy scale, which divides between the quantum and the classical regimes, the Fermi energy Ep, 



for fermionic degrees of freedom on the holographic screen, as was suggested in Ref lllOll . then 
Eq. (|3.12l) is the non-thermal energy of the holographic screen which is quantum mechanical in 
its nature. The above result can also be viewed according to the ideas presented in Refs. [i2o[ 



2111 in which the MOND acceleration scale is considered to be a minimal temperature for the 
microscopic degrees of freedom on the holographic screen. In this view the energy related with 
the screen is due to a coupling with a cosmological heat bath with temperature, Tq. 

To further understand the meaning of Eq. (|3.12l ). we compare it to a similar calculation in 
which holographic equipartition between the number of bulk and surface degrees of freedom was 
assumed. Through the comparison it will be shown that essentially Eq. (13.121 ) states that non- 
thermal, ground state, energy of the system is the equilvelent of each surface degree of freedom 
having an average energy of To/2. Again this result can be viewed inthe two ways described 
above. 



In |13], the kinetic energy Ej^in = (l/2)Mt>^ was calculated, where v = (GM/R)^^'^, after 
which the virial theorem was employed to obtain the gravitational energy in terms of the Unruh 
temperature, as function of the radius in the non-relativstic limit 

Eg{R) = 2it^T. (3.13) 



Eq. (13.131 ) has a rather intuitive meaning when, using the definition [|l3ll 



Neff = ^Nsur = 27T{MRc/h), (3.14) 

where Ngur = ^-nR^ /L^ and = Gh/c^. It simply states that 

Eg = N.ffT, (3.15) 
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i.e. each effective degree of freedom has an average energy of T. Eq. (13.131) was calculated on 
basis of holographic equipartition, i.e N^uik = Nsur, thus A^e// in Eq. (13.151) . can be considered as 
Nhuik. If however we wish to calculate the energy associated with the surface degrees of freedom 
we need according to Eq. (13.31 ) to divide the energy by fl . Dividing Nf,ff in Eq. (|3.15l ) by fi one 
obtains in the DML Eq. (13.121) . Thus Eq. (13.121) can be viewed as an expression for the surface 
energy in the low temperature limit, in which each degree of freedom has effectively an average 
energy of To/2. 

The non-thermal energy Eq. (|3.121 ). does not play a role in the classical limit for which only the 
thermal energy Eth should be considered, however once cosmological scales are considered one 
can not ignore it. 



rv. QSMEG IN THE COSMOLOGICAL CASE 



Previous sections have considered the modifications due to QSMEG for the classical gravity 
regime. It is however well known that the MOND characteristic acceleration scale Oq can be simply 
related to cosmological scales, oq ~ cHq/2'k ^ c^(A/3)^/^, where A is the cosmological constant. 
This hints at the possibility of ao having cosmological significance. In the following sections we 
will show how our results, specifically Eq. (13.31 ). extend to the relativistic regime and attempt to 
connect them with cosmological extensions of MOND. Though QSMEG requires only an horizon 
and thus can be easily extended to cosmology, the same can not be said for MOND which was 
originally devised as a phenomenological theory introduced to solve discrepancies on the galactic 
scale. There have been quite a few attempts to construct a cosmological model for MOND, most of 
which are based on introducing extra fields [ j lSl ) . due to this reason we will not consider them here. 
However there have also been some attempts to construct a cosmological extension of MOND 
based on the thermodynamical description of gravity. In Ref. ll22ll . ao was associated with a 
critical temperature, and a MOND like Friedmann equation was obtained, however this equation 
depends on the radial co-moving coordinate. In Ref. n23n a MOND like cosmology was developed 
based on a MOND Friedmann like equation and in [|24n an homogenous extrapolation of MOND 
to cosmology was defined by considering a cosmological scaling for ao, instead of it being a 
constant. There have also been a few suggestions to extends MOND to the cosmolo gica l reg ime 



by associating ao with the Unruh temperature of the de Sitter horizon Refs. [|20 



21 



251], as 



originally proposed by Milgrom [26] for the de Sitter space. In the following section we will use 
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this de Sitter MOND version and demonstrate it is consistent with our previous results, specifically 
Eq. (Q. 



A. Number of surface and bulk degrees of freedom for de Sitter space 

In this section we start by following Ref. [ isl, we briefly review the thermodynamical descrip- 
tion of the physics of de Sitter space, in which a temperature is associated to the horizon and one 
assumes holographic equipartition, N^uik = Nsur- We will then modify the results according to 



the MOND de Sitter version [|26ll . and thus verify the consistency of QSMEG applied to de Sitter 
space. 



In [131] a de Sitter Universe with a Hubble constant H was considered, and the holographic 



equipartition condition, Nbuik = Nsur, was shown to reduce to 

„ SttLIp 

^ 3^' ^"^-^^ 

where p is the energy density. 

For a de Sitter Universe, the number of degrees of freedom attributed to a spherical surface 
with a Hubble radius H^^, is given by 
47r 

Nsur = JfYjpy (4-2) 

and the number of bulk degrees of freedom N^uik is calculated by dividing the Komar energy 
I (p + 3P) I V , by (1/2)T, where P is the radial pressure. For a pure de Sitter space, for which 

P = -P, 

ApV 

Ntuik = -jr, (4.3) 

where the volume is the proper volume of a Hubble sphere V = An/^H^, and the temperature is 
the Horizion temperature 

T={H/2tt). (4.4) 

We now consider a MOND formulation for de Sitter space which was originally proposed by 
Mil grom [1261 and later developed by others in the context of Verlinde's thermodynamical approach 
[Q, 21, 25]. In this formulation the Unruh temperature difference AT measured by a non-interial 
observer with an acceleration a, corresponding to an Unruh temperature T, is measured with re- 
spect to a background temperature Ta = (A/3)^/^/27r. This background temperature is measured 
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by all intertial observers. With respect to the background temperature, the temperature difference 
is 



AT = Tfi{T/TA). (4.5) 



To obtain the total thermal energy one should multiply the above Eq. (14.51) by N/2 bill , obtaining 
Eq. (13.11 ). Since Eq. (13.11 ) leads to Eq. (13.31 ). we now modify the number of bulk states accordingly 
to the available energy according to Eq. (13.31 ). then by dividing, Eq. (|4.3l) by Eq. (l4.2l) . we obtain 
instead of the standard result, Eq. (14.11 ). 

= (4.6) 

3/i(T/rA) 

It should be noted that in order for Eq. (14.61 ) to be independent of the radial co-moving coordinate 
as should be expected in a homogenous Universe, one can consider that instead of ao being a 
constant, it scales with the expansion factor in the same way as the acceleration a. This idea was 



considered in [|24|]. and was found to fit well with observational data, without any need for dark 
matter. 

Eq. (14.61) can also be expressed as a relation between the energy and the number of degrees of 
freedom on the Horizon. By integrating the density over the volume we obtain the Komar energy 
for a de Sitter Universe 

E = j dVj;^3fi{T/n)H\ (4.7) 
Considering the spherical symmetric case the we obtain 

E = ^^fiiT/TA)H, (4.8) 
where A = Atx / H"^. Expressing the Hubble constant in terms of the temperature (14.41) . we obtain 

E = ^^jliT/TA)T. (4.9) 

Noting that A/L^ = Nsur, Eq. (1491 ) is equivalent to Eq. (I37T1) demonstrating that QSMEG can 
be successfully applied to de Sitter space. However Eq. (14.91) is not specific to de Sitter space, 
rather it is a result of considering the quantum statistics on a horizon, as such it should also apply 
to Rindler horizons as well. 



11 



V. NUMBER OF SURFACE AND BULK DEGREES OF FREEDOM FOR A RINDLER HORI- 
ZON 



In this section we will determine the effects of considering the quantum statistics of the degrees 
of freedom on a Rindler horizon. A task which in the general case requires a relativistic formu- 
lation. Unfortunately we are unable to compare the results to a covariant MOND theory, since 
current covariant theories which reduce to MOND in the quasi-static, weak-field limit, include 
new fields nl5\\ . To proceed we consider a modification of the method employed by Padmanabhan 



1121 



2811 to obtain holographic equipartition. We modify his results in accordance with QSMEG, 



specifically according to Eq. (13. 3K and obtain a simple expression for the MOND interpolating 
function in terms of entropy. 



A. The holographic equipartition from Einstein's field equations 



We start by briefly reviewing the calculations and results of 11271 l28h in which the entropy for a 
static horizon was defined and compared to the energy obtaining equipartition. The entropy defini- 
tion was given for a static metric ds"^ = —N'^dt^ + 'y^ydx^dx", where and 7^1, are independent 
of the time, t. The — h ++ signature is used, as well as units for which c = h = ks = 1\ the 
Greek indices corrospond to indices 1, 2, 3 . The comoving observers at x^ = constant have the 
four acceleration a* = (0, d^N/N). An horizon is obtained once — )■ 0, on a two surface defined 
by, N'^a? = {'y ^^d^ N N) . Using a coordinate transformation, from the original coordinates a;^, 
to the set (A^, y^), A = 2, 3, where the coordinates denote the two transverse coordinates to the 

= constant surface. The metric, in these coordinates, can be written as 

The entropy is then defined as 

S = [ ^/^d^xVia\ (5.2) 



where g = dct{g^y), of the metric defined in Eq. (|5.1I ). and after performing the integration over t 
and the radial coordinate it is given by 

S = [ ^d^x{NnX), (5.3) 



SttG 



dV 
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where the integration is over du which is the surface of some compact volume v, and is the 
normal to du, a = det{aAB) and (3 = 2tx / the horizon temperature defined through the surface 
gravity k. Defining the energy in the region v, as 

E = 2 ^ Sx^N (Ta, - \T9a^ u''u\ (5.4) 

with Tah the energy momentum tensor, one obtains equipartition, Ref. uM . This is achieved by 
first using Einstein's field equations, through which the divergence of the acceleration is related to 
the source 



D^{Na^) = 8nN (^T,, - -Tg^tj (5.5) 

where is a covariant derivative operator corresponding to the 3-space metric. Then employing 
Gauss's theorem 

,lf^N^ (5.6) 

^ Jdv 27r 

Defining an effective local temperature Tioc = {Na^n^/2n). Equipartition is thus obtained 

E = l [ dnTioc, (5.7) 

2 Jdu 

where dn = y/ad'^x/Lp. Furthermore by comparing the energy Eq. (15.6) with the entropy Eq. 
(|5.3I) . on the horizon, the following thermodynamic relation 

E = 2ST, (5.8) 

is obtained. 

B. Modifying the equipartition and entropic considerations 

In this section we modify the relations obtained in the previous section according to QSMEG. 
First, we naively modify the equipartition obtained in Eq. (|5.7I) . according to Eq. (|3.1I ) thus 
obtaining 

E = l- [ fldnTi,,. (5.9) 
We then use Eq. (15. 8|) . to relate the entropy to the MOND interpolating function. 
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S = \ I fldn. (5.10) 
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Based on Eq. (15.101) a different expression defining the MOND interpolating function can be 
given, instead of Eq. (l3.1|) . which defines fl through the ratio of the number of degrees on the 
holographic screen to the number of degrees of freedom in the bulk, one can define an entropy 
based definition. Given that the number of degrees of freedom is four times the Bekenstein- 
Hawking entropy yj, |21] 

Af.3 

it is possible through Eq. (15.101) to express the MOND interpolating function as 

/i(^) = (5.12) 

Apart from it's simple form, Eq. (|5.12l ) connects to the thermodynamic interpretation of gravity 
as a entropic force, put forward by Verlinde [[T^. The gravitational force being entropic is modified 
since there is a bound on the maximum entropy of the holographic screen. 

In the light of these entropic considerations one can restate the low temperature limit (or non- 
thermal) for the surface energy Eq. (l3.121 i. noting that according to the Bekenstein entropy bound 

y 

S < (5.13) 

n 

Eq. (13.121 ) can be rewritten as 

Eg = (5.14) 

where Smax is the maximal entropy corresponding to an equality in the Bekenstein bound, Eq. 
5.131) . In this context, it is clear that Eg represents the heat content of the holograpl 



nic screen 



BOh . The above result (15.141) can be understood in terms of the ideas presented by D2Q 



m in 



which the MOND acceleration scale Oq is interpreted as corresponding to a minimal temperature 
Tq. The entropy then reaches its maximum value at the minimal temperature available to the 
system. However as was previously stated Eq. (|3.12l ). can also be viewed as stating 

Ea - ^. (5.15) 

In this view the energy is quantum mechanical and at zero temperature, each degree of freedom 
has on average half the Fermi energy (in the fermionic case). 
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VI. DISCUSSION AND CONCLUSION 

InRef. H] OSMEG was first considered, and shown to lead to MOND. Here the ideas pre- 
sented in Ref. llioll where extended. Based on quantum statistical modification of equipartition, 
QSMEG was shown to be consistent both with MOND and with AQUAL, as well as for the cos- 
mological extension of MOND to de Sitter space. 

Eqs. (13.31 J5.12I) . which give simple expressions for the MOND interpolating function fl, are 
the main results of this paper. In Ref. [fiol MOND was introduced as a result of considering the 
quantum statistics of the degrees of freedom on the holographic screen. Based on Eq. (15.121 ). 
MOND can now also be viewed as a modification of gravity, being an entropic force, due to 
a bound on the maximum entropy of the horizon degrees of freedom. Thus MOND which is 
defined in terms of an acceleration scale ao, and an interpolating function jl, can now be related 
in a thermodynamic formulation to a minimal temperature or energy scale (Fermi energy for the 
fermionic case) corresponding to ao [2^ 21] and a maximal entropy for the holographic screen, 
related to jl. Based on these relations the expression, Eq. (15.141 ). for the surface energy, gets new 
meaning. It can be understood as the heat content of the holographic screen which is given in 
terms of the maximum entropy times the minimal temperature. 

For the classical non-reltavistic dynamics there is no difference between fermionic and bosonic 
degrees of freedom on the holographic screen, due to the remarkable thermodynamical equivalence 
of Fermi and Bose gases in two dimensions. It can be shown that the two gases have the same 
specific heat and even the same entropy PIQ. however the two gases differ in their total energy 
since the Fermi gas ground state energy is Eg = {l/2)NEp. Since in the relativistic case the total 
energy content has physical significance, the symmetry between the two gases is broken. Moreover 
the calculation of the surface energy of the screen for the lowest temperature possible, Eq. (|3.12l ). 
has physical significance. It was even shown that through it one can deduce the percentage of 
missing energy which is typically associated with "dark matter". Therefore it seems to indicate 
that one should consider fermionic degrees of freedom rather then bosonic on the holographic 
screen. 

In considering QSMEG in de Sitter space, a modified Friedmann equation was obtained, Eq. 
(14.61) . This seems to indicates that if QSMEG and MOND correspond also in the relativistic limit, 
a covariant MOND theory should not necessarily correspond to General Relativity rather one may 
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consider an alternative gravitational theory as a natural covariant extension of MOND. 
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